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Nonequilibrium assembly and disassembly underlie key biological functions, such as
growth, movement, and the dramatic morphological transformations that occur during organismal development. These processes are driven and regulated by energy dissipation, e.g.
through nucleotide triphosphate hydrolysis. Energy consumption frees the organism from
the rigid constraints of thermodynamic equilibrium, but also poses a significant challenge for
researchers hoping to understand biological assembly or design synthetic systems with similar
capabilities. While statistical mechanics can, in principle, predict equilibrium distributions
of self-assembly reactions from microscopic interactions and dynamics, there is no analogous theory for nonequilibrium steady-states and the fluctuations around them. Despite
recent progress through techniques such as computer simulations, large deviation theory,
and stochastic thermodynamics (e.g. [1–11]), we are far from achieving a ‘grand challenge’ of
nonequilibrium statistical mechanics: predicting the emergent products and functionalities
of nonequilibrium assembly, or more ambitiously designing an assembly process to achieve a
desired function.
This commentary will focus on a recent advance in nonequilibrium assembly described
in two papers by Nguyen and Vaikuntanathan [7, 12]. In [7], by using stochastic thermodynamics to calculate the entropy change during assembly and invoking the second law of
thermodynamics, they obtained a bound on the nonequilibrium driving force required to
perturb the ensemble of assembly configurations from its equilibrium distribution:
δµ − hdiss i ≥ 0

(1)

with δµ the nonequilibrium driving force and hdiss i as the distance between the ensemble
of assembly configurations and the equilibrium distribution. The quantity hdiss i can be calculated, for example, as the difference between the equilibrium Hamiltonian for the system
E eq and an effective Hamiltonian E eff that would lead to the observed configurational distribution (see below). They applied Eq. (1) to estimate compositional fluctuations in growing
binary lattice systems [7].
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Now, Nguyen and Vaikuntanathan [12]
show that this result can also be applied to
assembly morphologies. Focusing on a minimal model for assembly of an elastic membrane, they estimate the driving required to
trigger morphology transitions. Their model
is a semiflexible bead-spring ring polymer
in two dimensions, which undergoes selfassembly by exchanging particles with a
bath at constant chemical potential µ (Fig.
1). By simulating the dynamics with kinetic Monte Carlo, they find that there is
a ‘coexistence’ value of the chemical potential, µ = µcoex , for which the ring fluctuates around a constant size and is approximately circular. For larger chemical poFigure 1: Schematic of the model for nonequitential values the ring grows, with a rate
librium assembly — a semiflexible ring polythat increases with δµ = µ − µcoex . Thus,
mer that exchanges particles with a bath. Unδµ/kB T , with kB T the thermal energy, meader conditions of slow growth (set by the exsures the strength of nonequilibrium driving.
cess chemical potential δµ) the ring exhibits
Above a threshold value of δµ/kB T , the ring
small fluctuations around its ground state (top
undergoes a buckling instability, exhibiting
image), but faster growth leads to larger devilarge dynamic ‘spikes’ (Fig. 1).
ations (bottom left) and eventually a buckling
The key challenge for applying Eq. (1)
instability (bottom right). The figure was proto assembly morphology is that one must
vided by S. Vaikuntanathan.
relate diss to structural changes. To this
end, Nguyen and Vaikuntanathan measure
the fluctuations in particle positions from the mean ring radius, ĥ. At equilibrium the fluctuation spectrum can be described by assuming equipartition of energy among the modes of
the standard continuum elastic Hamiltonian:
Z n
o
κ
γ
(∇ĥ)2 + (∆ĥ)2 dx
(2)
Eeq =
2
2
with γ and κ as the surface tension and bending modulus. Interestingly, although the ring
undergoes continual growth for δµ > 0, Nguyen and Vaikuntanathan find that the fluctuation
spectrum is still well described by equipartion and Eq. (2), but with renormalized values of
the apparent moduli, σ eff and κeff . In particular, the effective surface tension decreases
with increasing δµ; below a critical value σc the ring undergoes the buckling instability.
Importantly, although the effective surface tension and bending modulus σ eff and κeff are
not thermodynamic quantities, they are independent of the initial ring size or duration
of measurement. Thus, Nguyen and Vaikuntanathan parameterize the ensemble of ring
configurations by an ‘effective energy landscape’, obtained by substituting σ eff and κeff into
Eq. (1). The difference between the equilibrium and effective energy landscapes provides a
measure for how much the ring morphology distribution deviates from equilibrium, hdiss i.
With this measure of distance from equilibrium in hand, Nguyen and Vaikuntanathan
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use Eq. (1) (and a tighter bound obtained by relating entropy production rates to current
fluctuations) to relate the nonequilibrium driving to morphology changes. In particular, they
show that the bounds estimate the renormalized surface tension with reasonable accuracy,
even far from equilibrium.
Although the simulated system is (by design) a toy model, the results have fundamental implications for processes involving dynamically reconfiguring filaments and membranes,
which play key functional roles in biology. More broadly, their results demonstrate that constraints on nonequilibrium driving predicted by stochastic thermodynamics can be directly
related to material morphology transitions, thus establishing design principles for synthetic
systems with functionalities similar to those found in living organisms.
The study also inspires open questions. The macroscale emergent behaviors of a nonequilibrium system depend on how it dissipates the energy injected by driving; i.e., which collective modes are most strongly excited [13]. The bound on magnitude of deviation from
equilibrium (Eq. (1)) is thermodynamic in nature and independent of kinetic details. However, it does not constrain which modes are excited, and thus leaves the form of emergent
behaviors unspecified. For example, Nguyen and Vaikuntanathan’s simulations on the ring
polymer show that energy preferentially dissipates through excess interfacial area rather than
bending (since the renormalization of σ eff is much stronger than that of κeff ). Would this result change if additional configurational relaxation moves are introduced to the Monte Carlo
move set, or the assemblies have additional internal degrees of freedom? Conversely, how
do we design dynamics and internal modes to achieve a desired morphology distribution?
These questions, which require predicting how energy partitions among structural modes,
return us to the grand challenge mentioned above. While these articles have not solved this
challenge, they provide a stimulating step along this direction.
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